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Abstract 

We give a reduction of the conjecture that for terminal projec- 
tive threefolds whose anticanonical divisors are nef, the second Chern 
classes are pseudo-effective. On the other hand, some effective non- 
vanishing results are obtained as applications of the pseudo-effectivity 
of the second Chern classes. 



1 Introduction 

The second Chern class plays an essential role in the three-dimensional bi- 
rational geometry. For example, as a famous result, the Miyaoka theorem 
says that the second Chern class is pseudo-effective for a terminal projec- 
tive minimal threefold (cf. |Mi87j 'l. Furthermore, by the pseudo-effectivity 
of the second Chern class, we can prove the non-negativity of the Kodaira 
dimension and the abundance theorem for a terminal projective minimal 
threefold. 

In this paper, we consider the following: 

Conjecture 1.1. Let X he a terminal projective threefold with —Kx nef. 
Then the second Chern class C2{X) is pseudo- effective. 

The second Chern class of a terminal threefold X, as a 1-cycle, is defined 
as follows: C2{X) := C2{Tx\u) e A^{U) = A^{X), where U is the smooth 
locus of X and Tx is the tangent sheaf on X. By definition, a 1-cycle is 
said to be pseudo-effective, if its numerical equivalence class is contained in 
the Kleiman-Mori cone NE{X). For Conjecture II. H we have the following 
known results (cf. |Xie04j . Theorem 2.2 and Proposition 2.4). 

Theorem 1.2. Let X he a terminal projective threefold with —Kx nef. If 
the numerical dimension v[—Kx) 7^ 2, then C2{X) is pseudo-effective. If 
v{—Kx) = 2, then ci{X).C2{X) > and the irregularity q{X) < 1. 
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We say that an extremal contraction f : X ^ Y is good, if there exists 
an integer n > such that C2{X) +nl is pseudo-effective, where M-|-[/] is the 
corresponding extremal ray of /. 

As for Conjecture 11.11 we have considered a simpler case when X is 
smooth in Xie04 . As a result, a proof has been given for the smooth 
case under a weak assumption (ADni)- The main idea of the proof is to 
investigate the goodness of all extremal contractions from X, which implies 
the pseudo-effectivity of C2{X). If q{X) = 1, a nice classification is available, 
which guarantees a complete proof. The case q{X) = is more complicated, 
because not only a similar nice classification is unavailable, but also in the 
subcase (Dm), we cannot prove that / is good by induction. Therefore, 
(ADni) is such an assumption that the subcase (Dm) is good. 

In order to rule out the assumption (ADni), or say, to run the Minimal 
Model Program in the subcase (Dm), it is necessary to consider the class 
of Q- factorial terminal projective threefolds with almost nef anticanonical 
divisors, instead of the class of smooth projective threefolds with nef anti- 
canonical divisors. In other words, it is better to start from the terminal 
case than the smooth case to prove Coniecture ll.il 

We use the same idea to extend the argument of smooth case to terminal 
case. It is obvious that the terminal case is more delicate than the smooth 
case, since we have to consider the flips when running the MMP. But it 
turns out that the flips behave well in this new class. Unfortunately, since 
in general, it is difficult to bound the terminal singularities when running 
the MMP, we cannot obtain a complete proof of the terminal case without 
an assumption on the non- negativity of C1.C2. 

Definition 1.3. Let X be a Q-factorial terminal projective threefold. A 
threefold Y is in the class A{X), if there is a composition of birational 
maps: X = Xq Xi • • • --■> Xr = Y, where is either a divisorial 
contraction or a flip. 

The following is the main theorem in this paper. 

Theorem 1.4. Let X be a terminal projective threefold such that —Kx is 
nef and u(—Kx) = 2. 

(1) If q{X) = 1, then C2{X) is pseudo-effective; 

(2) If q{X) = 0, thenc2{X) is pseudo-effective provided that ci{Y).C2{Y) > 
holds for any Y € A{X'^), where /x : X"^ X is a Q-factorialization of 
X. 

In ^ we give a complete proof of Conjecture II . II when q{X) = 1. In ^ 
a reduction of Coniecture ll.ll is proved when q{X) = 0. In ^ we give some 
applications to the Effective Non-vanishing Conjecture. 

In the whole paper, we will use freely the results on the Minimal Model 
Theory from |KMM87j and |KM98j . For some necessary definitions and 
notation, we refer to |Xie04j . 
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We work over the field of complex numbers. 

Acknowledgment. I am very grateful to Professor Yujiro Kawamata for 
his valuable advice and warm encouragement. I would also like to thank Pro- 
fessors Keiji Oguiso and Hiromichi Takagi, and Doctors Masayuki Kawakita, 
Yasunari Nagai and Shunsuke Takagi for stimulating discussions. 

2 Proof of the case q{X) = 1 

First, we give a lemma, whose proof is similar to that of Proposition 3.3 of 
[DPK931 . 

Lemma 2.1. Let X be a Gorenstein Q-factorial terminal projective threefold 
with —Kx nef. Let f : X ^ Y be an extremal contraction which contracts 
a divisor E to a curve C . If —Ky is not nef, then C is a rational curve. 

Proof. It follows from Lemmas 2 and 3 of |('u88j that both X and Y are 
factorial, and / is just the blow-up of Y along C, which is a local complete 
intersection. From the formula Kx = f*KY + we immediately see that 
-Ky.C > for every curve C C m Y. 

Let Mc\Y = M he the normal bundle of C to Y . Since J\f is locally free, 
E ^ ¥{M*) is a pi-bundle over C. Let vr : S ^ C be the projection onto C, 
F the general fiber of vr. Since E is Cartier, Ke = {Kx + E)\e. It follows 
from Ke-F = -2 that Kx-F = E.F = -1. Since Pic(^) ^ tt* Pic(C) Z, 
there is a Cartier divisor Ci on E such that Pic(-E') is numerically generated 
by Ci and F, and Ci.F = 1. It is easy to see that Ci is irreducible and 
reduced, and 7r|c^ : Ci ^ C is a birational surjective morphism. Assume 
that e = —Cf andpa{Ci) is the arithmetical genus of Ci defined by 2pa{Ci) — 
2 = Ci.(Ci -|- Ke). Since Kx.F = —1, we may assume that 

-Kx\E = Ci + bF, 

where 6 G Z. Since OEiE) = (!?£;(— 1), we may assume that 

E\e = -Ci + fiF, 

where /i G Z. Hence (-Ky.C) = {-Kx-Ci) + (E.Ci) = b + fi, so -Ky is 
neiiib + ij,> 0. It is easy to see that Ke = -2Ci + (2p„(Ci) - 2 - e)F, 
hence K% = 8(1 - Pa{Ci)). On the other hand, K% = {Kx\e + E\Ef = 
{-2Ci + (/i - b)Ff. Hence b + ^x = 2b-e + 2{pa{Ci) - 1). 

Since —Kx\e is nef, we have that {—Kx\e)'^ > 0, which implies that 
b > e/2. If Pa(Ci) > Ij then —Ky is nef. Thus Pa{Ci) = 0, namely Ci is a 
smooth rational curve. Hence C is rational. □ 

Proposition 2.2. Let X be a Q-factorial terminal projective threefold such 
that —Kx is nef, u{—Kx) = 2 and q{X) = 1. Let f : X ^ Y be an extremal 
contraction. Then (Y, f) is one of the following cases. 
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(Fi) X is smooth, Y is a smooth elliptic curve and f is a del Pezzo 
fibration. 

(Fn) Let a : X ^ A be the Albanese map of X . Then X is smooth, Y 
is a smooth hyperelliptic surface or a -bundle over A with —Ky nef. f is 
a conic bundle. 

(D) f : X ^ Y is a divisorial contraction which contracts a divisor E to 
a curve C . Both X and Y are Gorenstein, —Ky is nef and v{—Ky) < 2. f 
is just the blow-up ofY along C. 

Proof. It is easy to see that dimy > 0. Since —Kx is nef but not big, 
and x{Ox) = 1 - q{X) = 0, we have that X is Gorenstein (cf. |KMM04j . 
Corohary 6.3), hence factorial. 

()2.2I 1) If dimy = 1, then y is a smooth ehiptic curve since q{Y) = 
q{X) = 1, and / is a del Pezzo fibration. The smoothness of X follows from 
Proposition 1.3 of pS98j . 

(|2.2I 2) If dimy = 2, then y is a smooth surface and / is a conic bun- 
dle (cf. |('u88j . Theorem 7). The explicit structure of Y is determined by 
Proposition 1.7 of [PKMj . 

(|2.2I 3) Assume that dimy = 3. By the structure theorem for / (cf. 
|Cu88p . / could never be a small contraction. If / contracts a divisor E 
to a terminal point p G y, then —Ky is also nef, furthermore big through 
a simple computation. It follows from the Kawamata-Viehweg vanishing 
theorem that q{X) = q{Y) = 0, it is absurd. Hence / contracts a divisor E 
to a possibly singular curve C, which is a locally complete intersection in Y . 
Note that / is just the blow-up of Y along C and that Y is also factorial. 

Assume that —Ky is not nef, then C is a rational curve by Lemma l2. II 
We may repeat the same argument as in the proof of Theorem 3.3(3) of 
|PS98j to obtain that C is a multi-section of the Albanese map a : y — > 
Alb(y), hence C is a smooth elliptic curve. This is a contradiction. Thus 
-Ky is nef. It is easy to see that v{—Ky) < 2. □ 

Lemma 2.3. Let X be a terminal projective threefold, an extremal 

ray on X, and a a positive number. Assume that C2{X) + nl is pseudo- 
effective for some n G N. Then we can take an ample Cartier divisor L on 
X, a sufficiently small e > 0, and the cone decomposition NE(X) = -|- 
W-^-[li]+NE!.{X) such that for any decomposition C2{X) = al+'^- biU+z, 
where bi > 0, z NE^{X), we have z.{—Kx) < ol. 

Proof. The proof is similar to that of Proposition 4.10 of |Xien4j . □ 

Theorem 2.4. Let X be a terminal projective threefold such that —Kx is 
nef, v{—Kx) = 2 and q{X) = 1. Then C2{X) is pseudo- effective. 

Proof. First, we assume that X is Q- factorial. In cases (Fj) and (Fn), since 
X is smooth, C2{X) is pseudo-effective by Theorem 3.12 of |Xie04j . In case 
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(D), we use induction on the Picard number p{X) to prove the pseudo- 
effectivity of C2{X). 

With notation and assumptions as in case (D). Assume that C2(Y) is 
pseudo-effective. Let S = {p £ y\f~^{p) contains some singular point of 
X}. Then 5 is a finite set of points and / : X\f~^{S) Y\S is a blow-up 
along a smooth curve C. Let F be a general fiber of /{e '■ E ^ C . Then 

C2{X) = rc2{Y) + Ci+xF, 

where Ci is the curve in E as in Lemma l2. 11 and a; is a rational number (cf. 
[Xien4| . Proposition 3.8). By the same reason, we have 

rC = Ci + yF 

where y is a rational number. 

Let ni (resp. n2) be when x (resp. y) is non-negative, otherwise the 
smallest integer not less than —x (resp. —y). Assume that C2{Y) = limfc^oo = 
limfc^oo(o^fcC' + i?fc), where are effective and C is not contained in the sup- 
port of Rk- Then there is a positive integer N such that sup^jafc} < N . Let 
H he a, nef C artier divisor on X. Then f^,H is nef except along C. 

{c2{X) + {ni+n2N)F).H 
= U*C2{Y) + Ci+n2NF + {ni + x)F).H 
> C2{Y).f*H + n2NF.H 
= lim (ofcC + Rk)-f*H + n2NF.H 

fc— >oo 

= lim {akfC.H + Rk.f*H + n2NF.H) 

fc^oo 

= lim {akCi.H + (ofcy + n2N)F.H + Rk-f^H) > 0. 

fc— >oo 

In other words, there exists a positive integer n such that C2{X) + nl is 
pseudo-effective. 

Let K = {u'> 0|c2(^) is pseudo-effective}. If inf ii' = 0, then C2{X) 
is pseudo-effective. Otherwise, let r = inf X > 0. Assume that M-|_[/] is the 
extremal ray with respect to f : X ^ Y . It follows from Lemma 12.31 that 
we can take an ample Cartier divisor L on X, a sufficiently small e > and 
the cone decomposition 

WE{X) = M+[Z] +^M+[y +ivE;(x) 

C2{X) = -rl + Y^bik + z (1) 

i&I 

where {M+[Zi]}jg/ are extremal rays other than M+[/] and 6j > 0, such that 
z.{-Kx) < r/2. 
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If there exists some M+[/i] such that the corresponding extremal contrac- 
tion f i : X ^ Yi is of type (Fj) or (Fn), then C2{X) is pseudo-effective. Oth- 
erwise for each i G /, there exists a positive integer rii such that C2{X) + nili 
is pseudo-effective. Note that ci{X).C2{X) = 2Ax{Ox) = 0. Applying —Kx 
to each side of (0), we have 

= -rl.{-Kx) + bik-i-Kx) + z.{-Kx), 

which implies that > r/12 since l.{—Kx) > 1 and li.{—Kx) < 6 (cf. 
[Ka,91j . Theorem 1). 

Let M = maxjg/{nj}. Consider the following pseudo-effective 1-cycle 

Yhi{c2{X) + Uik) 
< {Y^hi)c2{X)+M{Y,hli + z) 
= C^bi + M)c2{X) + Mrl 

Since Y^iei^i > > 0, we have C2{X) + Mr/{M + r/12)/ is pseudo- 

effective. It contradicts the definition of r. Hence C2{X) is pseudo-effective. 

In general, we may take a Q-factorialization : X'^ ^ X oi X, namely 
X"^ is Q-factorial terminal, and ji \s a, projective birational morphism iso- 
morphic in codimension one (cf. |Ka88j . Corollary 4.5). It is easy to see that 
—KxQ is nef, v{—Kxii) = 2 and q{X'^) = 1, then C2{X'^) is pseudo-effective, 
hence so is C2{X) = ijl^C2{X'^). □ 

Remark 2.5. If q{X) = 0, then X is not necessarily Gorenstein. Provided 
that every extremal contraction from X is good and ci{X).C2{X) > holds, 
then the above method is also valid for the case q{X) = 0. Indeed, let 
rx be the Gorenstein index of X, then l.{—Kx) > If we take e to 

be sufficiently small such that z.{—Kx) < r/{2rx), then similar arguments 
work. 

3 Reduction of the case q{X) = 

In order to apply the MMP in the case q{X) = 0, we should introduce the 
notion of almost nef divisors, which has been first defined in (PHOSj. 

Definition 3.1. Let X be a normal variety. A Q-Cartier divisor D on X 
is said to be almost nef, if D.C > for any irreducible curve C on X, 
except a finite number of rational curves. Such rational curves are said to 
be exceptional for D. 
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The following proposition describes the structure of extremal contrac- 
tions from such regular threefolds whose anticanonical divisors are almost 
nef. 

Proposition 3.2. Let X be a Q-factorial terminal projective threefold such 
that —Kx is almost nef, k{X) = —oo and q{X) = 0. Let f : X ^ Y be an 
extremal contraction. Then (Y, /) is one of the following cases. 

(Fq) X is a Fano threefold with p{X) = 1. 

(Fi) f is a del Pezzo fibration, and y = P^. 

(Fii) f is a conic bundle with discriminant locus A = 0, and Y is a 
canonical surface with Ky = 0. 

(Fill) f is a conic bundle with discriminant locus A, such that —{AKy + 
A) is almost nef, and Y is a rational log terminal surface. 

(D) f is a divisorial contraction, and —Ky is almost nef. 

(S) f is a small contraction. Let (p : X X~^ be the flip of f . Then 
—Kx+ is almost nef. 

Proof. (E211) If dim y < 1, these are (Fq) and (Fj). 

(|3.2I 2) Assume that dimy = 2. Then Y has only quotient singularities, 
hence is log terminal. Let S = SingX, S' = f{S) C y, yo = y \ S", and 
Xq = /~^(yo). Then /o : Xq ^ yo is a usual conic bundle since Xq is 
smooth. Let Aq C Yq be the discriminant locus of /o and A = Aq C y. 
It follows from Lemma 1.6 of |PS98j that — (4Ky + A) is almost nef. We 
divide into two subcases by the emptyness of A. 

(E2I2.1) A 

We claim that KiY) = — oo. Otherwise, there exists an ample Cartier 
divisor H onY such that Ky.H > 0. Since —{4Ky + A) is almost nef, we 
have {AKy + A).H < 0, hence < A.H < -AKy.H < 0. This is absurd. 
Thus P2iY) = q(Y) = implies that Y is rational. This is case (Fni). 

(jT2l 2.2l A = 

Then —Ky is almost nef. Let g : Z ^ Y he, the minimal resolution of 
y. We may write Kz = g*Ky + Y^'^i^i^ where Ei are exceptional curves, 
— 1 < < 0. Let Co be any curve on Z such that Cq 7^ Ei and g*{Co) is not 
exceptional for -Ky. Then {- K z) .Cq = {-Ky).g^{Co)+Yl{-ai)Ei.Co > 0. 
Thus —Kz is almost nef. 

Let hi : Z ^ Wi be a contraction of a (— l)-curve -Fi. Then Kz = 
h\K\Yx + El. Let Ci be any curve on Wi such that hi}{Ci) is not ex- 
ceptional for -Kz, then {-Kw^).Ci = {-Kz).h^l{Ci) + Ei.h^}{Ci) > 0, 
namely, — i^'vFi is almost nef. If k{Y) = k.{Z) = —00, then this is case (Fni). 
Otherwise, there is a birational morphism h : Z ^ W, which contracts all 
(— l)-curves such that Kw is nef. Let L be an ample Cartier divisor on 
W, then —Kw.L > since —K]y is almost nef. But K\y is nef, we only 
have Kw = 0. Therefore Kz = h*K\Y + YljeJ^j = YljeJ^j- ^ similar 
argument, since —Kz is almost nef, we have that J = and Kz = 0. 
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Let C be any curve on Y . Then Ky-C = g* Ky ■g^'^C = Yl{~0'i)^i-9*^C > 
0, namely Ky is nef. Since —Ky is almost nef, then Ky = 0. Furthermore, 
we have Oj = for all i, which implies that Y is canonical. This is case (Fn)- 

()3.2I 3') If dimy = 3, then / is birational. When / is divisorial, —Ky is 
almost nef by Proposition 2.1 of pS98^. When / is small, —Kx+ is almost 
nef by Proposition 2.2 of |P3?98j . □ 

For convenience, we give some definitions. 

Definition 3.3. Let X=|Q-factorial terminal projective threefold | —Kxq 
is nef, v{—Kxo) = 2 and q{Xo) = O}. 

A threefold X is in the class A, if there is a composition of birational 
maps between some Xq G I and X: Xq Xi • • • Xr = X, where 

is either a divisorial contraction or a flip. 

Note that for any X £ A, X is a Q-factorial terminal projective threefold 
such that —Kx is almost nef, k{X) = — oo and h^{Ox) = for i >1. 

We fix the following notation until otherwise stated. Let f : X ^ Y 
be the extremal contraction induced by an extremal ray of X. The 

following lemmas show that such extremal contractions are good in some 
sense. 

Lemma 3.4. Assume that we are in case (Fn) or (Fm)- Then there exists 
a positive integer n such that C2{X) + nl is pseudo-effective. 

Proof. With the same notation as in the proof of Proposition 13.21 Note 
that /o : Xq ^ Yq is a usual conic bundle between smooth quasi-projective 
varieties, X \ Xq is numerically equivalent to some multiple of I, and Y\Yo 
is a finite number of points. We have the following exact sequence: 

^ f^ny, ^ nx, - OxoiKxo/Yo) - Oro - 
where Tq is defined as in Lemma 3.6 of |Xien4j . Then 

C2(Xo) = f^C2{ny,)+f^Ci{ny,).Kx,/y,+To 

= /o (c2(lo) - c?(yo)) + /o*ci(yo).ci(Xo) + Fo. 

Therefore C2{X) = /*(c2(y)-c?(y))+/*ci(y).ci(X)+F+a/, where F = Fq, 
and a is a rational number. 

(Fn) There exists a positive integer n such that C2{X) + nl is pseudo- 
effective, since Ky = 0. 

(Fni) We rewrite the above formula as follows: 

C2{X) +nl = nol + (l/4)/*(-4i^y - A).{-Kx) + (l/4)/*A.(-Kx) + L (2) 

where n G N, and no G Q"*". For an ample Cartier divisor H on X, as- 
sume that mH is very ample for some m G N. Since — (4i^y + A) and 
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—Kx are almost nef, we may choose a general member M € \mH\ such 
that M contains no exceptional curves for —Kx and contains no curves 
in Ua Supp/*Ca.(— i^x)) where {Cx} is the set of exceptional curves for 
— (AKy + A). It is easy to show that C2{X) + nl is pseudo-effective by 
applying M to each side of (j2j. □ 

Lemma 3.5. Assume that we are in case (D). Furthermore, assume that 
C2{Y) is pseudo-effective. Then there exists a positive integer n such that 
C2{X) + nl is pseudo-effective. 

Proof. p.SH ) / contracts a divisor to a point p 

Because f : X \ E ^ Y \ {p} is an isomorphism, and both X and Y 
are of terminal singularities, we have C2{X \ E) = f*C2{Y \ {p}) = f*C2{Y). 
Thus C2{X) and f*C2{Y) differ by a 1-cycle whose support is contained in 
E. We may write 

C2{X)=f*C2{Y) + Y,a^l^, ai£q,kcE. 

Since C f*{E) = p, some positive multiple of each li is numerically 

equivalent to /. Since C2(Y) is pseudo-effective, there exists a positive integer 
n such that C2{X) + nl is pseudo-effective. 

(|3.5I 2) / contracts a divisor E to a curve C in Y. 

Let S = SingX, S' = f{S) cY,Yo = Y\ S', and Xq = /"H^o)- Then 
/o : Xq ^ Yq is a blow-up along a smooth curve C. By a similar argument 
to that in Theorem I2.4| we can prove that there exists a positive integer n 
such that C2{X) + nl is pseudo-effective. □ 

Lemma 3.6. Assume that we are in case (S). Then C2{Y) is pseudo-effective 
if and only if C2{X) + nl is pseudo-effective for some n € N. 

Proof. Since / is small, the exceptional locus E consists of finitely many 
rational curves, and f{E) is a finite set of points. Since / : X\E Y\f{E) 
is an isomorphism, we have f*C2{X \ E) = C2{Y \ f{E)) = C2{Y). On 
the other hand, C2{X \ E) = C2{X) + al for some a G Q. Then we have 
fMX) = C2{Y). 

For the "if" part: f^(c2{X) + nl) = f*C2{X) = C2{Y) is pseudo-effective. 
For the "only if" part: C2{Y) is pseudo-effective, so is C2{X \E), hence 
so is C2{X) + nl for some n G N. □ 

Lemma 3.7. Assume that we are in case (Fj). Then C2{X) is pseudo- 
effective provided that ci{X).C2{X) > holds. 

Proof Let X^ = f'\C) for a general point ^ eY = F^. Since Pic(X) = 
/* Pic(P^) © Z, for any ample Cartier divisor M on X, we may write M = 
a{—Kx) + hX^ for some a, 6 G Q. Hence M.l = a{—Kx).l > 0, which shows 
that a > 0. 
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(|3.7I 1) If —Kx is nef and iy{—Kx) = 1 or 3, then C2{X) is pseudo- 
effective by Theorem 2.2 of |Xie04j . 

^2) If -Kx is nef and u{-Kx) = 2, then {-Kxf = 0. Hence 

< M.{-Kxf = hX^.{-Kxf = b{-Kx^y, which shows that 6 > 0. 

(|3.7I 3) If there exists an exceptional curve C for —Kx, then /(C) is 
not a point since / is an extremal contraction. Therefore / : C ^ is 
surjective, hence X^.C > 0. We have bX^.C = M.C + aKx-C > 0, which 
shows that 6 > 0. 

Thus it is sufficient to prove that ci{X).C2{X) > and X^.C2{X) > 
for verifying the pseudo-effectivity of C2{X). X^.C2{X) = C2{X^) > since 
X^ is a smooth del Pezzo surface. In the subcase 1)3.71 21. since —Kx is nef, 
we always have ci{X).C2{X) > (cf. |Xien4j . Theorem 2.2). In the subcase 
1)3. 71 3). this follows from the assumption. □ 

It is natural to put forward the following problem, and we will make 
some discussions on this problem in the end of this section. 

Problem 3.8. Does ci{X).C2{X) > hold for any X £ A? 

We may reduce the case q{X) = to Problem 13.81 bv the following: 

Theorem 3.9. C2{X) is pseudo-effective for any X £ A provided that Prob- 
lem \3.8\ is true. In particular, let Xq be a terminal projective threefold 
such that —Kxo is nef, v{—Kxo) = 2 and qiX^) = 0. Then C2{Xq) is 
pseudo- effective provided that ci{Y).C2{Y) > for any Y G A{X^), where 
fi : Xl^ —>■ Xq is a Q-factorialization of Xq. 

Proof. We use induction on the Picard number p{X). 

It is easy to see that C2{X) is pseudo-effective when p{X) = 1, since 
only (Fq) occurs. Assume that the conclusion holds for p{X) < p. Let 
p{X) = p>2. 

We recall the definition of difficulty (cf. |Sh85j ) . Let g : X ^ X he a 
resolution of X. We may write Kj^ = g*Kx + X^aj-Bj, where Ei are the 
exceptional divisors of g. The difficulty of X is defined to be d{X) = '^{i 

1 < 1}. Note that d{X) is independent of the choice of the resolution 
g, hence is well-defined. In fact, d{X) has been introduced to prove the 
termination of the fiips. 

We use induction on d{X). If d{X) = 0, then case (S) cannot occur. 
Otherwise, the existence of the fiip 99 : X X+ yields d{X^) < d{X) = 0, 
this is absurd. In the other cases, C2{X) + nl is pseudo-effective for some 
n G N by the preceding lemmas, and ci{X).C2{X) > by Problem 13.81 
Hence by a similar argument to that of Theorem 12.41 (cf. Remark 12. 5() . we 
can prove that C2{X) is pseudo-effective. 

Assume that C2{X) is pseudo-effective for d{X) < d. Let d{X) = d. In 
case (S), note that X+ G A, p{X+) = p{X) = p, and d{X+) < d{X) = d, 
so C2{X~^) is pseudo-effective by induction hypothesis. Therefore C2{Y) = 
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f^C2{X^) is pseudo-effective since : Y contracts several rational 

curves to points. It follows from Lemma 13.61 that C2{X) + nl is pseudo- 
effective for some n G N. By the same argument, we can prove that C2{X) 
is pseudo-effective. □ 

As a special case, we give the following: 

Corollary 3.10. Let X G A. If X is factorial and p{X) < 3, then C2{X) 
is pseudo-effective. 

Proof. (|3.1fll l) If p{X) = 1, then the pseudo-effectivity of C2{X) is obvious. 

()3.1UI 2') If p{X) = 2, then we can prove a stronger statement. 

Claim. Let X ^ A. Assume that p{X) = 2 and that X has at most one 
cyclic quotient singularity of type ^(1, 1, 1) and the other singular points are 
Gorenstein. Then C2{X) is pseudo- effective. 

Proof of the Claim. We use induction on the difficulty d{X). If d{X) = 0, 
then case (S) cannot occur. In the other cases, it is easy to show that C2{X) 
or C2{X) + nl is pseudo-effective for some n G N. Since ci{X).C2{X) > 0, 
we can prove that C2{X) is pseudo-effective. Assume that C2{X) is pseudo- 
effective for d{X) < d. Let d{X) = d. It is sufficient to show that in case 
(S), X~^ also satisfies the assumption of the Claim. Indeed, let q G X^ be a 
terminal singular point of index r > 1. If g is not contained in the exceptional 
locus of /+ : X+ — > Y , then q G X+ is a cyclic quotient singularity of type 
^(1,1,1). Otherwise, let X be a common resolution of X and X~^ . Then 
there is an exceptional divisor E onX such that a{E, X~^) = 1/r (cf. jKa92j ). 
By Lemma 3.38 of jKMlH], we have 1/2 < a{E,X) < a{E,X+) = 1/r, hence 
r < 2. The contradiction completes the proof of the Claim. 

()3.1U1 3) If p{X) = 3, then case (S) cannot occur since X is factorial. In 
case (D), note that Y satisfies the conditions of the Claim (cf. |Cu88j ). so 
C2{Y) is pseudo-effective. Since ci{X).C2{X) > 0, we can prove that C2{X) 
is pseudo-effective. □ 

It follows from the singular Riemann-Roch formula (cf. |R,e87j , Corollary 
10.3) that 

l = x(Ox) = ^ci(X).c,(X) + lj;(r,-l), 

i 

where {^(oj, —a,, 1), {ai,ri) = l}j are the fictitious cyclic quotient singular- 
ities for X. 

Define F{X) = X]j(rj — 1/rj) to be the fictitious number of X. Let 
f : X ^ Y he a, divisorial contraction. If / contracts a divisor to a point 
(resp. a curve), we say that / is of type O (resp. I). U ip : X — ■> X~^ is a 
fiip, we say that ip is of type F. 

In general, when we run the MMP, the latter variety should have better 
singularities than the former one. For a terminal threefold X, F{X) may 
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reflect some information of its singularities. We expect that F{X) decreases 
in type I and F. In type O, there is an example to show that F{X) may 
increase strictly. 

Example 3.11. Let p G y be a germ of cyclic quotient singularity of type 
i(a, —a, 1), where (r, a) = 1, r > 1. Let / : X — > y be the weighted blow-up 
along p with weight ^(o, r — a, 1). Then X has two cyclic quotient singular 
points of type ^(r, — r, 1) and ^^^(a, — a, 1) respectively. It is easy to see 
that F{X) < F{Y). 

In order to work out Problem 13.81 it is helpful to consider the following: 

Problem 3.12. Let X be a Q-factorial terminal projective threefold, and 
(p:X--^X+ a flip. Does F{X) > F{X+) hold? 

Problem 3.13. Let X be a Q-factorial terminal projective threefold, and 
f : X a divisorial contraction of type L Does F(X) > F{Y) hold? 

We give an example as an evidence of Problem 13.121 

Example 3.14. With the same notation as in Problem l3.121 If (/? : X X~^ 
has a deformation consisting of toric flips, then F{X) > F{X~^) holds. 
Indeed, since F{X) is additive under the deformations, we may assume that 
(p : X X~^ is a toric flip. By the structure theorem for toric morphisms 
(cf. |Re83aj ) . a toric flip is given by the following formula and diagram: 

oiei + 0262 = 0363 + 0464, 



ei ei 




62 62 



It follows from the White- Frumkin theorem (cf. |Da83j ^ that there are 
only two types of toric flips in dimension three. 
Let {ei, 62, 63} be a basis of the lattice N = 1? . 

(i) ae\ + (r — a)62 = ^63 + 64, where (r, a) = l,r > a. X has one 
cyclic quotient singular point of type ^(a, —a, 1), X+ has two cyclic quotient 
singular points of type fr^(a, 1, —a) and ^(1,t, — r) respectively. 

(ii) 061 + 62 = r63 + e4, where (r, a) = 1, r > a. X has one cyclic quotient 
singular point of type ^(a, —a, 1), X+ has one cyclic quotient singular point 
of type i(l,r, -r). 

It is easy to see that F{X') > F{X^) holds for each case. 
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4 Applications 



The following Effective Non-vanishing Conjecture has been put forward by 
Ambro and Kawamata (cf. ■Am99. KaOOj ). 

Conjecture 4.1. Let X he a complete normal variety, B an effective M- 
divisor on X such that the pair {X,B) is Kawamata log terminal (KLT, 
for short), and D a Cartier divisor on X. Assume that D is nef and that 
D - {Kx + B) is nef and big. Then H^{X, D) ^ 0. 

Remark 4.2. (|4.2I 1) By the Kawamata- Viehweg vanishing theorem, we have 
H^{X,D) = for any positive integer i. Thus H^{X,D) 7^ is equivalent 
to x{X,D)^0. 

()4.2I 2) When dimX = 1, the effective non- vanishing follows easily from 
the Riemann-Roch theorem. When dimX = 2, Conjecture 14.11 has been 
proven by Kawamata by means of the semipositivity theorem (cf. IKaOOj ) . 
For higher dimensional cases, Conjecture 14.11 is still open. 

(|4.2I 3) If X is a toric variety, then Conjecture 14. II is trivial. Indeed, any 
nef invariant Cartier divisor is base point free (cf. |Mu02j . Theorem 3.1), 
hence is non-vanishing. 

In fact, we can prove that C2{X) being pseudo-effective is a sufficient con- 
dition such that the Effective Non- vanishing Conjecture holds for terminal 
projective threefolds with B = 0. 

Proposition 4.3. Let X be a terminal projective threefold such that C2{X) 
is pseudo-effective. Let D be a Cartier divisor on X such that D is nef and 
D-Kx is nef and big. Then H^{X, D) / 0. 

Proof. If v{D) < 2, then by Theorem 2.2 of |KaOOj . we may reduce this case 
to the log surface case. So we may assume that D is nef and big. By the 
singular Riemann-Roch formula, we have 

h'{Ox{D)) 

= LDiD-Kx){2D-Kx) + -^D.C2{X)+x{Ox) 

> ^D\D - Kx) + ^D{D - Kxf + ^(2^ " Kx).C2{X) > 0. 

□ 

We have the following two applications, where Corollary 14.41 was first 
proved by Kawamata (cf. .KaOOj . Proposition 4.1). 

Corollary 4.4. Let X be a canonical projective minimal threefold. Then 
the effective non-vanishing holds on X. 
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Corollary 4.5. Let X be a canonical projective threefold such that —Kx is 
nef and either 

(i) u{-Kx) + 2, or 

(ii) u{-Kx) = 2 and q{X) = 1. 

Then the effective non-vanishing holds on X . 

Proof of Corollaries \4-4\ and \4-^ It follows from the main theorem of |Re83bj 
that there exists a partial resolution g : X' ^ X such that X' is terminal 
and Kx' = g*Kx- Thus we may replace X by X' for proving such non- 
vanishings. For Corollary 14.41 the rest is due to the Miyaoka theorem (cf. 
|Mi87j ^. For Corollary the rest is due to Theorems lO and ITU □ 
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